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Abstract

Semigroup theory is a branch of abstract algebra, and it provides mathematical tools for the theory of
computation. Finite semigroups can describe state transition systems and thus they model physically real-
izable computers. Engineering questions like What is the minimal number of states to realize a particular
computation? and Which type of computation is more capable? translate into the algebraic tasks of con-
structing isomorphisms and embeddings between semigroups of different representations. The underlying
problem is (sub)graph isomorphism, which is computationally difficult in general. We describe variations
of backtrack search algorithms that exploit the algebraic properties of semigroups, various improvements
and optimizations. We carry out computational experiments to extend our algebraic knowledge. In partic-
ular, we report new computational results on transformation semigroups and on the more general family of
diagram semigroups. We study the minimal degree representation problem, count distinct embeddings for

1This paper is an extended version of the paper with the same title presented at The Thirteenth International Symposium on Comput-
ing and Networking CANDAR 2025.
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Computing Embeddings and Isomorphisms of Finite Semigroups

three types of diagram semigroups and work on an open problem of embedding into 2-generated subsemi-
groups.

Keywords: algebraic automata theory, minimal degree transformation representation of diagram semigroups,
isomorphisms and embeddings, optimized backtrack search, computer algebra

1 Introduction
Semigroups are abstract algebraic structures with a single associative binary operation, often called multipli-
cation or composition. Since only the associativity condition is required, semigroup elements come in a great
variety (numbers, functions, matrices, relations, diagrams, etc.). Some models of computation, e.g., finite
state automata, are based on the composition of total functions and thus automata are in essence transforma-
tion semigroups.

Deciding whether or not a semigroup S embeds into another semigroup T (T contains a copy of S ), or
whether they are isomorphic (S and T are essentially the same) is a non-trivial task. It can be reduced to the
graph-isomorphism GI problem of undirected graphs [36], which is one of the leading problems in theoretical
computer science. It is an open question whether GI can be decided in polynomial time or not [22]. The more
general problem, the subgraph isomorphism problem, is NP-complete [7].

Interpreting semigroups as models of computation, the embedding problem is the question of whether one
computer can emulate another one. This provides a framework for discussing engineering questions like What
is the minimal number of states needed to realize a computation?, How can we compare the computational
power of different forms of computing? [15]. This practical interest, combined with the inherent difficulty of
the problem, justifies an experimental computational approach.

Here we describe a customized backtrack search algorithm that hugely improves the current computa-
tional capabilities in semigroup theory. By finding embeddings into full transformation semigroups effi-
ciently, we can solve the minimal degree representation problem up to degree n = 8 (at least) and find all
distinct embeddings. The computational implementation allowed us to solve open problems about embed-
dability into 2-generated subsemigroups.

In this section we give the basic definitions of semigroup theory and introduce diagram representations.
Section 2 describes how the backtrack search algorithm can be customized for computing embeddings and
deciding isomorphisms. Section 3 goes through techniques for improving the basic algorithm. Section 4 sum-
marizes existing computational implementations and how the software packages developed here advance the
state of the art. Section 5 is about applying the developed algorithms to problems about diagram semigroups.

1.1 Semigroups – Basic Definitions and Notation
Using the traditional mathematical approach, we first give the abstract definition of semigroups and then
proceed to concrete representations. The state-based transformation representation is the most relevant in
computer science, but in the next section we also discuss generalized diagram representations. The interplay
between the abstract structure and its combinatorial representations is central to this paper. Utilizing features
of concrete representations often allows more efficient algorithms, since we have more information about the
semigroup elements and on how they can be composed.

1.1.1 Semigroups and Homomorphisms

A semigroup is a set S together with an associative binary operation S × S → S . We can denote the binary
operation explicitly, like s · t, or we can simply use concatenation st for denoting the product of semigroup
elements s, t ∈ S .

A semigroup element e is an idempotent if ee = e. In other words, an idempotent is an operation that
executed twice (or more times) yield the same effect as executing it once. This is an important property of
several real-world processes, like pressing elevator button, or sending an online request.

A subsemigroup of S is a subset U of S that is closed under the operation, denoted by U ≤ S . For A ⊆ S ,
⟨A⟩ denotes the least subsemigroup of S containing A, the semigroup generated by A. In other words, ⟨A⟩ is
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Figure 1: The graph of the transformation [6, 9, 9, 1, 7, 3, 9, 7, 6]. It has a single component. The cycle is
highlighted.

the semigroup that arises from taking products of elements from A. If ⟨A⟩ = S , then A is a generating set for
S .

Given two semigroups (S , ·) and (T, ⋆), a homomorphism is a function φ : S → T , such that φ(u · v) =
φ(u)⋆φ(v) for all u, v ∈ S . We call S the source, and T the target semigroup. An isomorphism is an invertible
homomorphism; when an isomorphism exists we write S ≃ T . Isomorphic structures are essentially the same.
An embedding is an injective homomorphism, denoted by S ↪→ T . The image of an embedding of S into T
is an isomorphic copy of S inside T .

1.1.2 Multiplication Tables

For a finite semigroup S with |S | = n, we fix an order of its elements s1, . . . , sn, and refer to the elements
by their indices. The multiplication table, or Cayley table of S is an n × n matrix S = (S i, j) with entries
from {1, . . . , n}, such that S i, j = k if sis j = sk, and we can simply write i j = k. The ith row is S i,∗ and the
jth column is S ∗, j. A multiplication table is a complete description of a given semigroup: it contains the
result of the multiplication for any pair of elements. However, it does not contain any internal details of the
semigroup elements. It does not explain why st = v, it merely records this fact. That’s why it is an abstract
representation.

1.1.3 Transformation Semigroups

For a finite set X, a transformation is a function f : X → X. We refer to the elements of X as points or as
states when emphasizing the automata theory connection. In the finite case, when |X| = n ∈ N, the standard
labeling of states is done by the positive integers {1, . . . , n}. A transformation t is denoted by simply listing
the images of the points: [t(1), t(2), . . . , t(n)].

A transformation t : X → X can be represented as a directed graph, the so-called functional digraph,
defined as G(t) = (X, E), where the edge set E is {(x, t(x)) | x ∈ X}. In general, a functional digraph consists
of several components (connected parts). A single component has a cycle with trees joining into the states in
the cycle. For an example see Figure 1. In other words, we have a discrete dynamical system [18].

A transformation semigroup (X, S ) of degree n is a collection S of transformations of an n-element set X,
closed under function composition. The semigroup of all transformations of n points is the full transformation
semigroup Tn.

Transformations give a concrete representation of semigroups. From the perspective of automata theory,
we can consider the set of states to be X and the semigroup elements the transitions of these states. In this
way, semigroups are abstract representations of automata (without initial and accepting states).

1.1.4 Permutation Groups

Groups are semigroups with an identity (unique do-nothing operation) and with unique inverses for all ele-
ments. Groups model reversible, and semigroups model irreversible processes. The group consisting of all
permutations (bijective transformations) of degree n is the symmetric group Sn. For permutations we use
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Figure 2: The two transformations, s and t, are essentially the same. We can verify this visually, since their
graphs are drawn in identical layouts. As transformations they may look different: s = [2, 3, 2, 3, 4, 4] and
t = [3, 3, 4, 5, 4, 5]. However, we can find a conjugator g = (1, 6)(2, 5)(3, 4) (in transformation notation
[6, 5, 4, 3, 2, 1]) to relabel one to the other: g−1sg = t. Note that we used the same canonical state set for
both, thus the relabeling is not that apparent. We move between the sets of ordered states 1, 2, 3, 4, 5, 6 and
6, 5, 4, 3, 2, 1.

cycle notation. For instance, [2, 3, 1] is written as (1, 2, 3). The cyclic (one-generated) group of order n is
denoted by Zn. In computing terms, Zn is an n-counter.

1.1.5 Conjugation

We often need to decide whether two transformations are essentially the same or not. Intuitively, if we can
get transformation t by relabeling the points in transformation s, then they are doing the same computation
on different states. We could use s as substitute for t by changing the state set, performing s, and finally
converting the results back. The definition of conjugation describes exactly this process.

Transformations s, t ∈ Tn are conjugate if there exists a permutation g ∈ Sn such that t = g−1sg. We call
such a g a conjugator. For an example see Figure 2.

Conjugation can be extended to sequences and sets of transformations. As conjugation is tied to symme-
tries, it can be used for other representations of semigroup elements. Symmetries enable compression, thus
they are essential for efficient enumerations of combinatorial structures. Often we are interested in structures
only up to conjugation.

1.2 Diagram Semigroups

From the point of view of theoretical computer science and automata theory, transformation semigroups
are the most important representations of semigroups. However, they are just one special case of diagram
semigroups, where elements can be composed by adjoining diagrams. These are described by fundamental
mathematical objects such as relations and functions. The original interest came from algebras with a basis
whose elements can be multiplied diagrammatically (e.g. [4,28]) and diagram semigroups can model various
situations in theoretical physics [33].

Partitioned binary relations are the most general type of diagrams we consider, although historically it
was the last to be defined [34]. They are directed graphs of binary relations, where the vertices are partitioned
into two nonempty sets, the “interfaces” for diagram composition. Here we consider partitioning only into
equal-sized parts. For a finite set X a diagram is a subset of (X ∪ X′) × (X ∪ X′) where |X| = |X′| = n, the
degree of the diagram, and X ∩ X′ = ∅. Pictorially, we draw the points from X on an upper row with those
from X′ below, and we draw a directed edge a → b for each pair (a, b) from the diagram. The product αβ of
two diagrams α and β (on the same set X) is calculated as follows. We first modify α and β by changing every
lower vertex x′ of α and every upper vertex x of β to x′′. We then stack these modified diagrams together with
α above β so that the vertices x′′ are identified in the middle row (there may now be parallel edges in this
stacked graph). Finally, for each a, b ∈ X ∪ X′ we include the edge a → b in αβ if and only if there is a path
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from a to b in the stacked graph (as defined above) for which the edges used in the path alternate between the
edges of α and the edges of β. An example is given in Figure 3 (where, for convenience, the edges of β are
white so that the kinds of paths referred to above are alternating in colour). This operation is associative, so
the set of all diagrams on the set X forms a semigroup. When X = {1, 2, . . . , n}, we denote this semigroup by
PBn. The identity element of PBn is the diagram containing the edges x→ x′ and x′ → x for each x.

α

β

αβ

Tn In I∗n Bn

Sn

1n

T Ln

PTn

Bn

PBn

Pn

Figure 3: (left) Composing partitioned binary relations α and β. The arrows of the product are induced by
paths of the stacked diagram with the property that the consecutive arrows have alternating colors. (right) The
partial order of the different types of diagram semigroups of order n. The edges represent embeddings, not
necessarily subsets. For instance, we represent Tn by total functions and not as a special subset of partitioned
binary relations in PBn.

Other diagram types can be defined by a set of constraints on the arrows of partitioned binary relation.
The constraints can be about the direction of the arrows or the partition, limiting the number of arrows from
a point, or requiring planarity (no crossing arrows) of the diagram. Some notable types are the following:
Bn binary relations [39], PTn partial transformation semigroup [20], Pn (bi)partition monoid [24, 27, 33], Bn

Brauer monoid [4], Sn symmetric group [5, 9], Tn full transformation semigroup [20], In symmetric inverse
monoid [31], I∗n dual symmetric inverse monoid [19], and T Ln Temperley-Lieb monoid [23]. For the partial
order of diagram semigroups of the same degree see Figure 3.

2 Partitioned Backtrack

Classical backtrack search provides a simple algorithm for constructing semigroup embeddings and isomor-
phisms, but ignoring algebraic information about the structures involved makes it inefficient. Therefore, we
partition the elements of the target semigroup by their suitability for being homomorphic images for the
elements of the source semigroup.

2.1 Algorithm for Embedding Multiplication Tables

Given semigroups S and T such that |S | ≤ |T |, we would like to know if we can construct an embedding
S ↪→ T , and if so, actually construct one. Let m = |S | and n = |T |, so we need a map φ : {1, . . . ,m} →
{1, . . . , n} such that φ is injective: φ(i) = φ( j) implies i = j, and it is a homomorphism: φ(i)φ( j) = φ(i j),
where multiplication on the left hand side is in T and on the right hand side is in S .

Example 2.1. For permutation group Z2 = {(), (1, 2)} and transformation semigroupT2 = {[1, 1], [1, 2], [2, 1], [2, 2]},
using lexicographic ordering of the elements, the maps 1 ↦→ 2, 2 ↦→ 3 give an embedding.
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s s2 s3 s4

Figure 4: Example of a semigroup element with index-period (3,2). The third power s3 is the least power that
gets repeated, as s5 = s3. All higher powers alternate between s3 and s4 in a 2-cycle.

Z2 1 2
1 1 2
2 2 1

↪→

T2 1 2 3 4
1 1 1 4 4
2 1 2 3 4
3 1 3 2 4
4 1 4 1 4

For finding embeddings, the brute-force algorithm goes through all possible maps by checking all possible
assignments of the m elements of S to the n elements of T . There are n!

(n−m)! such maps. By gradually
exploiting more information about φ, S and T we can construct increasingly more efficient algorithms.

2.1.1 Classical Backtrack

We can observe that any partial map from S to T violating the compatibility condition of homomorphisms
cannot be fixed by adding more mappings. A partial non-solution cannot be extended to a solution, therefore
the classical backtrack method [30] can be applied.

Let p be a partial solution represented by a sequence of integers, such that the ith element is φ(i). So,
p = (φ(1), φ(2), . . . , φ(l)) for some l ≤ |S |. Being a homomorphism requires that if i j = k (in S ), then
φ(i)φ( j) = φ(k), (in T ). However, k and φ(k) may not be in the partial solution yet. If a product i j = k is not
in the domain of the partial map yet, i.e. k > l, then the product φ(i)φ( j), should also be undefined, i.e. not
being in the sequence p. In an implementation, using a more flexible data structure (e.g., hash table instead
of list) allows us to immediately set φ(i)φ( j) to be φ(k).

Now assume that p could be a homomorphism. Then we extend its sequence by choosing a new φ(l +
1) from the remaining elements of T and check whether the homomorphism property is true for products
containing l + 1. We also have to check for previous undefined entries, since they may evaluate to l + 1 and
thus become defined. If the above conditions are true, then we can continue extending p by l + 2. If not, then
according to backtrack, we choose another value for φ(l+1), or if there is no such candidate, then going back
to l and looking for alternative φ(l), and so on.

2.1.2 Partitioned Backtrack

We can improve the search algorithm by reducing the number of choices available at each step. We pre-
compute equivalence relations on S and T such that elements of a class in S may only be mapped by an
embedding to an element of a single class of T . In other words, we classify elements of S and T by properties
that are invariant under embeddings. Therefore, when trying to extend a partial solution, we need to look for
candidates only in the corresponding class. These classes partition the search space, thus we call the method
partitioned backtrack search.

For abstract semigroups, one such invariant is the semigroup generalization of the order of the element
(isomorphism of monogenic semigroups). In a finite semigroup, taking the powers of an element will even-
tually have a repeated value.

Definition 2.2 (Index-period). For an element a in a finite semigroup S , there exist integers m ≥ 1 and r ≥ 1
such that am+r = am. The index of a is the smallest such integer m ≥ 1 (the exponent of the first repeated
power), and the period of a is the smallest such integer r ≥ 1 (the length of the cycle).

The index-period pair (m, r) is an invariant under isomorphisms. For instance, (1, 1) means a2 = a, i.e., a
is an idempotent.

Figure 4 visualizes the definition of index-period: first there is a linear succession of powers of s that
appear once only, then we hit a cycle. This orbit is the semigroup generated by a single element S = ⟨s⟩,

152



International Journal of Networking and Computing

called monogenic, or cyclic semigroup. Permutations always have index 1, as bijections are reversible, the
first power is bound to be repeated. However, not every transformation with index 1 is a permutation. As a
trivial example, the identity transformation [1, 2, 3] and the constant map [1, 1, 1] both have the index-period
pair (1, 1).

The index-period pairs are invariant under isomorphisms, thus they give a way to classify candidate targets
when constructing an isomorphism map.

Definition 2.3 (�⊸). In a finite semigroup when two elements s and t have the same index-period pairs, we
write s �⊸ t, and �⊸ is an equivalence relation.

Partitioning by �⊸ can detect whether an embedding is possible or not: for each A ∈ S⧸�⊸ the corre-
sponding class B ∈ T⧸�⊸ (with same index-period as A) should satisfy |A| ≤ |B|. It also potentially reduces
the search space. Denoting the class in T⧸�⊸ corresponding to the class A ∈ S⧸�⊸ by φ(A), the size of the
search space is given by ∏︂

A∈S⧸�⊸

|φ(A)|!
(|φ(A)| − |A|)!

,

showing that the efficiency depends on the number of the classes and their cardinalities.

Example 2.4. If |S | = 5 and |T | = 10 the search space size is 10!
(10−5)! = 30240. Assuming that we can

partition S into �⊸-classes of size 2, 3 and T into corresponding classes of size 3, 5 (and a class of size 2 with
index-period not appearing in S ), then the search space size is reduced to 3!

(3−2)! ·
5!

(5−3)! = 360.

After this theoretical example, the natural question is what is the size distribution of the index-period
equivalence classes for semigroups. As an indicative answer, we check a full transformation semigroup.
Table 1 shows the size distribution of the equivalence classes of the 77 = 823543 transformations in T7. The
smallest class has 420, the largest class has 126000 elements. Therefore, by itself the index-period is not a
strong enough invariant: there are only a few classes, and their sizes are far from uniformly distributed.

2.2 Deciding Isomorphism of Multiplication Tables
For isomorphism we can define more invariants and a finer partitioning of elements by using a stronger
equivalence relation. The invariant properties can be any isomorphism invariant of a multiplication table that
do not take into account any information of the actual ordering of its elements.

A frequency distribution takes a multiset and enumerates its distinct elements paired with the number of
occurrences of the elements. For instance, the frequency distribution of a row vector [7, 2, 1, 2, 5, 5, 2, 7] is
[[1, 1], [2, 3], [5, 2], [7, 2]], meaning that 1 appears once, 2 appears three times and 5 and 7 twice. However,
we cannot retain the element information as it depends on the sorting of the semigroup elements. We keep
only the sorted frequency values [1, 2, 2, 3]. Sorting is crucial here to decide whether two distributions are
the same or not. For example, the vector [2, 4, 2, 4] has the same frequency distribution as [1, 3, 3, 1] and
[2, 2, 4, 4], which is [2, 2] , but [2, 4, 4, 4] has a different one, namely [1, 3]. We can also take the frequency
distribution of frequency values, since it is derived from data containing no information on the ordering of
the elements. We can define invariant properties both on the element and on the table level. In addition to the
index-period values, the element level invariants are the number of occurrences of the element i

1. in the table, frequency,

2. in the diagonal of the table, diagonal frequency,

3. in its row S i,∗, row frequency,

4. in its column S ∗,i, column frequency.

These invariants contain information about the structure of the semigroups (Green’s classes). We put them
together in a single aggregated data structure called the element profile, in order to get a finer equivalence
relation.
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T7

(1, 12) 420 0.05 %
(1, 10) 504 0.06 %
(1, 7) 720 0.09 %
(2, 6) 4200 0.51 %
(4, 3) 5040 0.61 %
(2, 5) 5040 0.61 %
(3, 4) 5040 0.61 %
(5, 2) 5040 0.61 %
(6, 1) 5040 0.61 %
(1, 1) 6322 0.77 %
(1, 5) 19152 2.33 %
(1, 6) 22050 2.68 %
(5, 1) 27720 3.37 %
(2, 4) 28980 3.52 %
(3, 3) 29400 3.57 %
(4, 2) 30240 3.67 %
(1, 4) 37590 4.56 %
(1, 3) 37800 4.59 %
(1, 2) 45843 5.57 %
(2, 1) 59472 7.22 %
(4, 1) 68880 8.36 %
(2, 3) 73080 8.87 %
(3, 2) 85260 10.35 %
(3, 1) 94710 11.50 %
(2, 2) 126000 15.30 %

S10

(1, 1) 1 0.00 %
(1, 2) 9495 0.26 %
(1, 3) 31040 0.86 %
(1, 5) 78624 2.17 %
(1, 7) 86400 2.38 %
(1, 30) 120960 3.33 %
(1, 15) 120960 3.33 %
(1, 21) 172800 4.76 %
(1, 20) 181440 5.00 %
(1, 4) 209160 5.76 %
(1, 14) 259200 7.14 %
(1, 12) 403200 11.11 %
(1, 9) 403200 11.11 %
(1, 8) 453600 12.50 %
(1, 10) 514080 14.17 %
(1, 6) 584640 16.11 %

B7

(1, 12) 420 0.31 %
(1, 10) 504 0.37 %
(1, 7) 720 0.53 %
(2, 3) 5880 4.35 %
(1, 5) 6048 4.48 %
(1, 6) 6090 4.51 %
(3, 1) 7560 5.59 %
(1, 4) 7770 5.75 %
(2, 2) 8820 6.53 %
(1, 1) 17872 13.23 %
(1, 3) 18200 13.47 %
(1, 2) 25851 19.13 %
(2, 1) 29400 21.76 %

Table 1: Size distributions for index-period equivalence classes of different ‘full’ diagram semigroups. The
tables are for the full transformation semigroup of degree 7, T7; the symmetric group of degree 10, S10; and
for the Brauer monoid of degree 7, B7. The rows contain the index-period pair, the number of elements with
that index-period, and that size also expressed as a percentage of the total number of elements. In groups the
only idempotent is the identity, thus in S10 we have the ratio 1

3628800 appearing as 0.00%. The point of these
tables is to show that sizes are not evenly distributed.
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Definition 2.5 (�⊞). For a finite semigroup S , the equivalence relation of having the same element profile is
written as s �⊞ t, s, t ∈ S .

The table level invariants can be used to decide the possibility of an isomorphism. They are frequency
distributions of the

1. elements,

2. diagonal frequencies,

3. column and row frequencies,

4. idempotents (very strong semigroup invariant),

5. element profiles.

These invariants are sensitive enough to tell some small groups apart, despite their very special nature (Latin
square multiplication table, single principal ideal and idempotent). Diagonal frequencies can tell some groups
apart: Z4 ↦→ (2, 2), Z2×Z2 ↦→ (4), but it assigns (2, 6) to both D8 (dihedral group) and Q8 (quaternion group).
In the group case, element profiles reduces to the order of elements, but it can distinguish between D8 and
Q8. However, this invariant fails to detect the difference between some direct and semidirect products. For
instance, Z8 × Z2 and Z8 ⋊ Z2 both have 1 element of order 1, 3 of order 2, 4 of order 4, and 8 of order 8.

Example 2.6. Let S be the semigroup generated by transformations [2, 1, 1], [2, 3, 2], and [3, 1, 3]. Using
only index-period values to classify its 15 elements, the size of the search space to find isomorphisms to
another representation of S is 2903040. Classifying by element profiles defined above reduces the search
space size to 768.

3 Algorithmic Improvements

To scale up practical computations we need to apply several optimization techniques. These all exploit some
particular mathematical properties of the semigroups. The incremental nature of homomorphisms allow
parallel execution, symmetries of the semigroups lead to more efficient enumeration, generator sets allow
computing homomorphisms ‘on the fly’, and we can speed up computations by implementing custom repre-
sentations for different diagram semigroups.

3.1 Parallel Execution

A search can be executed easily in parallel if parts of the search space can be separated in a way that instances
of the algorithm never cross the boundaries, often called as ‘embarrassingly parallel’. For backtrack, this can
be achieved by starting the search from different partial solutions. Since homomorphisms take subsemigroups
to subsemigroups we can attempt to extend an embedding φU : U ↪→ T (a partial solution) to φS : S ↪→ T , if
U is a subsemigroup of S . Therefore, we can utilize several processes to calculate all embeddings. First we
find all embeddings φU sequentially, assuming that U is small enough to be calculated quickly. Then we can
run searches starting from each different φU in parallel in order to find all embeddings φT .

Load balancing is a potential issue. In the extreme case, a single or few partial solutions can take most
of the required work, while the other threads finish quickly. At the scale of the current experiments, this
issue was not observed, since checking a single partial solution is quick relative to the large number of them.
Therefore, grouping several of them into a work package mitigates the problem.

The implementation uses Clojure’s library for reducers based on Java’s Fork-Join framework [32]. The
parallel search algorithms are in a separate package called Orbit [17]. The package exposes a single param-
eter *task-size* to counter potential load balancing issues.
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3.2 Finding Distinct Embeddings up to Conjugation

It is possible to find an embedding in different ways (different bijections from the source semigroup to one
particular image inside the source semigroup), and to find different embeddings (several isomorphic copies
of the image in the target semigroup). The first case is when the source semigroup has symmetries, i.e. its
automorphism group Aut(S ) = {σ : S → S | σ(S ) ≃ S } is non-trivial. Similarly, some pairs of embeddings
can be transformed into each other by those symmetry operations. Both correspond to relabelings of the
elements. We say that those solutions are conjugate to each other and being conjugate is an equivalence
relation. Therefore, it is enough to produce a single representative element from each conjugacy class.

The representative of a conjugacy class of embeddings can be chosen to be the minimal one in lexico-
graphic ordering. For a single transformation (endofunction) we can compute the minimal representative in
O(n2) time, where n is the degree of the transformation [38]. However, we also have to calculate conjugacy
class representatives for sequences and sets of transformations (and other diagram elements). Those involve
enumerating permutations. The worst case is the complete enumeration of the symmetric group Sn, which
happens for instance for the set of n constant maps of degree n.

For sequences, since a partial solution is a sequence, we can easily home in on the minimal one (as
opposed to finding minimal elements for set-wise conjugation). As a sequence grows, the set of symmetries
which can take the sequence to its representative is shrinking, since there are more and more constraints on
how the sequence can be transformed into the corresponding minimal one. Computational experiments show
that the symmetry classes of sequences become singletons long before the embedding is fully defined. Once
we have only one possible such symmetry, we can be sure that any extension to a full solution will be a
conjugacy class representative.

3.3 Generator Tables

When computing with algebraic structures, as much it is possible, we want to work with the generators only,
not with the complete structure. The generators allow to construct semigroup elements on demand, where
the complete semigroup is too big to fit into memory. An extreme example is Tn, the full transformation
semigroup of degree n, which has nn elements, but the standard generating set has only 3 elements: a cycle,
a transposition and a collapser (see Figure 9 for this generator set). The fully computed multiplication table
would have n2n entries.

The key observation is that we only to be able to multiply by the generators, not by an arbitrary element.
Thus, for constructing morphisms, it is enough to have the multiplication table columns corresponding to
multiplication by the generators. We call this a generator table. In the source semigroup, we can use a gener-
ator table. This trick does not work in the target semigroup, as we keep choosing new candidate generators.
However, it is enough to enumerate the suitable elements only (e.g., the index-period equivalence classes
matching the source generators). This works well for ‘full’ structures of certain types where we can combi-
natorially enumerate semigroup elements with the required properties instead of generating all elements and
filtering the candidates.

In a sense, we are building an isomorphism of the Cayley-graphs of the source and of the image subsemi-
group in the target semigroup. Once we choose a candidate target generator, we can build both semigroups
at the same time to see whether the multiplications are compatible. A partial solution for this method is not a
sequence (instead of an array we have a hash table). Thus, to enumerate the morphisms up to relabelings, we
need to find minimal class representatives by set-wise conjugation.

The generator table algorithm assumes that the given generating set A for the source semigroup S is
independent: ∀a ∈ A, a < ⟨A \ {a}⟩, i.e., no generator is generated by the other generators. The independence
property ensures that we do not have to check for mistaken violations of the compatibility condition due to
re-assigning a generator.

3.4 Choosing Generating Sets

Using the generator table method we can observe an important fact: different generator sets give different
execution times for finding embeddings. One of the factors is the number of possible candidate targets for
each generator. Table 1 shows the uneven distribution of index-period class sizes. Thus, it seems to be a good
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α

β

αβ

Figure 5: Multiplication in the Brauer monoid B4. In our custom representation α = [6, 5, 4, 3, 2, 1, 8, 7],
β = [7, 8, 4, 3, 6, 5, 1, 2] and the product is αβ = [8, 7, 4, 3, 6, 5, 2, 1]. ‘Loops’ formed in the middle are
ignored. In general, we may need to trace long paths of alternating black and white edges.

idea to choose generators that have index-period with a low frequency in the target semigroup. However, the
situation is more subtle. The ordering of the generators could influence the length of the search. For instance,
embedding S4 with generators [2, 3, 4, 1], [2, 1, 3, 4] is faster than with the same generators in reverse order
[2, 1, 3, 4], [2, 3, 4, 1].

3.5 Custom Representation for the Brauer Monoid

When computing with semigroups, multiplication is often the most frequently repeated operation. Conse-
quently, we can improve the speed of the algorithms in two ways:

1. reducing the required multiplications, or

2. making individual multiplications faster.

The fastest possible multiplication is just the table lookup in the abstract representation, but it assumes the
generation of the complete semigroup (implying lot of concrete representation multiplication). The generator
table method above does not require the target semigroup to be fully computed, thus we need to use a concrete
combinatorial representation.

For diagram semigroups, we can implement a single multiplication algorithm for the most general parti-
tioned binary relation representation [34] (see Section 1.2). In those, for each point we have a set of images.
Obviously, this would be a wasteful representation for transformations and permutations, where each point
has only a single image, and computing with sets is an unnecessary overhead. Therefore, computer algebra
software packages have custom representations for transformations, usually just a list of images.

Another interesting case is when we have some less common diagram representation, closer to the most
general. In this project, we implemented a specific data structure and multiplication for Brauer monoid
elements [4]. The elements are diagrams with 2n points, n at the ‘top’, n at the ‘bottom’. A point can be
connected to exactly one other point. We represent such a diagram b with a list of 2n entries, [b(1), . . . , b(2n)],
with the constraint that b(i) = j =⇒ b( j) = i. There is no need to enforce these constraints when working
with a generating set, since multiplication of two such diagrams produce a third with the same properties.
See Figure 5 for an example, and Figure 6 for the details of the multiplication algorithm. Since we represent
the Brauer diagrams as transformations, we can use the same mechanism for conjugation. We just need to
have to duplicate a permutation on the points 1, . . . , n to points n + 1, . . . , 2n. This made the computation of
Table 4 possible.

A performance comparison was made between the general partitioned binary relation implementation
and the custom Brauer diagram data structure, see Figure 7. As the actual calculations are the same in both
cases, the performance gain is due to the usage of vectors instead of hash-maps and hash-sets. Although
the partitioned binary relation implementation is slow, in practice, we used it to test the correctness of more
specific representations.
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α

β

αβ 4 3 2 1 6 5
5 4 9 8 7 6

Figure 6: The implementation of the multiplication in the Brauer monoid. Given the diagrams α =
[4, 3, 2, 1, 6, 5] and β = [2, 1, 6, 5, 4, 3], degree 3 with 6 points, we shift the second by 3 points. This identifies
the bottom points of α with the top points of β. We trace paths starting from α’s top points {1, 2, 3} and from
β’s shifted bottom points {7, 8, 9}. Then, we use these lists as transformations. Tracing ends when we have an
undefined image (the empty cells). Loops in the middle never occur, since we do not trace from the middle
points. At the end, we need to shift back the higher points to get αβ. For instance, tracing from point 1

produces the alternating path 1
α
↦→ 4

β
↦→ 5

α
↦→ 6

β
↦→ 9 and then the pair (1, 9). After shifting back, the result is

the pair (1, 6).

B4 B5 B6

size 105 945 10395
time (ms) B4 B5 B6

general 38 440 5678
custom 6 62 744

memory B4 B5 B6

general 183.5 KB 2.1 MB 26.9 MB
custom 31 KB 304.3 KB 3.1 MB

Figure 7: The comparison of the general partitioned binary relation representation and a custom Brauer
monoid representation. The computing task is to compute the Brauer monoid from generators, which in-
volves many multiplications. The size of the monoid grows rapidly with the degree (see A001147 at [40]).
The computing time was measured by the criterium tool (http://hugoduncan.org/criterium/),
which takes care of statistical sampling, JIT compilation and garbage collection cycles. The mem-
ory footprint was measured with clj-memory-meter (https://github.com/clojure-goes-fast/
clj-memory-meter). The tests were carried out on a Raspberry Pi 5.
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4 Software Implementations

In computational semigroup theory, the Semigroups package [37] for the Gap computer algebra system [21]
emerged as the leading solution. It also serves a base for more specialized packages.

The SubSemi package [10] contains the implementations of the above algorithms. Despite being ineffi-
cient for large semigroups due to the multiplication table representation, they proved to be immensely useful
in practical computations. The original goal was to extend the results of transformation semigroup enu-
meration [3, 43]. SubSemi enumerated all 4-state finite computations up to isomorphism [11]. Moreover,
the enumeration was extended for more general diagram semigroups [12]. Deciding isomorphism was also
needed for enumerating independent generating sets of symmetric groups [14]. These applications required
to develop the isomorphism and embedding construction algorithms described in this paper.

For the isomorphism calculation, we can compare our method to two other methods in the Semigroups pack-
age [37]. The older method uses the SmallestMultiplicationTable function that depends on the func-
tion SmallestImageSet in Gap [21] and the GRAPE package [41]. This function calculates the smallest
multiplication table in lexicographic ordering for the semigroup (by calculating a group action orbit of the
symmetric group), which can be used for isomorphism testing. Its complexity depends on the size of the
semigroup since we have to act on the table by the corresponding symmetric group, while our method does
not require group actions and it uses more information about the semigroup structure, thus it is more scal-
able. In practice, roughly speaking, with SubSemi we can calculate embeddings and isomorphisms as long
as the fully enumerated semigroup fits into the memory of a single computer (e.g. embeddings into T8 with
88 = 16777216 elements).

The newer method uses graph isomorphism solvers directly for computing isomorphism: the multiplica-
tion tables are turned into vertex coloured (non-directed) graphs, and then checked whether they are isomor-
phic using bliss [29] or nauty [35] (depending on which is enabled in the Digraphs package [2]). The graph
constructed has many more nodes than the semigroup has elements (they are used to indicate the direction of
the edges, and the element that we are multiplying by).

For computational experiments, where the results are not given by mathematical proofs, verification by
recomputation is important. We routinely reproduced results by other implementations, and developed a
‘redundant’ package for the algorithms presented here.

We recomputed the results of [1], using our method on small semigroups [8]. We also used this technique
for finding isomorphism classes and determining the automorphism groups of all transformation semigroups
of degree 4 [11].

For further verification a ‘shadow’ implementation was also developed, Kigen [16]. It is built on a dif-
ferent architecture: Clojure [25], a purely functional programming language on top of Java, while Gap is
a functional object-oriented language built around a C/C++ kernel. The Kigen package benefits from the
seamless parallelization features of Clojure, a crucial ingredient for the results below.

5 Computational Experiments and Results

5.1 Minimal Degree Realization of Computations

A basic result of semigroup theory is that any semigroup with n elements can be realized as a transformation
semigroup of at most degree n + 1 (the semigroup analogue of Cayley’s Theorem for groups, e.g. [26],
Chapter 1). In practice, we would like to have a smaller degree transformation representation. This is a more
general problem than finite automata minimization (where to goal is to recognize a language efficiently). This
problem naturally generalizes to all types of diagram semigroups. Given an abstract semigroup, we would
like to find minimal diagram semigroup realizations of it (in terms of the points in the diagrams) for a given
type of diagram. The general strategy is trying to find embeddings into the degree n full diagram semigroups
(containing all degree n diagrams of that type).

Definition 5.1. For a semigroup S the minimal D-diagram representation degree is µD(S ) = min{n | S ↪→
Dn} where D ∈ {PB,B, PT ,T ,S,I,I∗,P,B,TL}.
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S =
{︄(︄

0 0
0 0

)︄
,

(︄
0 0
0 1

)︄
,

(︄
0 0
1 0

)︄
,

(︄
0 1
0 1

)︄
,

(︄
1 0
1 0

)︄}︄
,

S 1 2 3 4 5
1 1 1 1 1 1
2 1 2 3 2 3
3 1 1 1 2 3
4 1 4 5 4 5
5 1 1 1 4 5

Figure 8: An example matrix semigroup with listed elements and the corresponding abstract multiplication
table. The numbers in the table correspond to the order of the listed matrices.

Example 5.2. Finding minimal degree diagram representations of a matrix semigroup over Z by using its
multiplication table (Fig. 8). The transformation and partition representation both require 3 points µT (S ) =
µP(S ) = 3. We need two more points to represent S as Brauer and Temperley-Lieb monoid: µB(S ) =
µTL(S ) = 5.

5.2 Comparing ‘Computational Power’
Various diagram representations can be considered as different models of computation. Traditionally, we
compute by composing functions, but we can use binary relations or equivalence relations. An interesting
question is how much ‘bigger’ in size a less capable computational device should be in order to realize a more
powerful one. To what extent can size make up for structure?

For diagram semigroups we can use the minimal degree diagram representation search to assess relative
computational power. For instance, to emulate computations of equivalence classes with transformations, for
n = 2 we need at least 7 states: P2 ↪→ T7. In this case we know precisely the minimum degrees [6].

The degree 1 partition binary monoid has only 16 elements, but realized as transformations it requires 6
points: PB1 ↪→ T6. This value is substantially lower than 17 required by the right regular representation.

Thinking backwards, transformations realized by some stronger computational model, we find that the
distinction between reversible and irreversible computation gives a hard limit. Despite its huge size |PB2| =

65536, partitioned binary relation monoids of lower degree cannot emulate full transformations semigroups,
due to the lack of permutations.

Here is a list of similar results: B1 � T1, B2 ↪→ T3, TL1 � T1, TL2 ↪→ T2, TL3 ↪→ T4, P1 ↪→ B2,
B3 ↪→ B3, I∗2 ↪→ B3. Many of these involve quite heavy computations.

An interesting case is the embedding of the full transformation semigroup into the Brauer monoid T2 ↪→
B3 but T3 does not embed into B7. This raised the question whether it would be possible to embed it into
B8. At this point we needed parallelization to check that it does not. The embedding already fails for
the semigroup generated by the collapser and the cycle of the standard generating sets (see Figure 9 for the
generator types). Missing the transposition generator yields a subsemigroup of T3 with 24 elements, allowing
a bit faster embedding checks.

5.3 Counting Distinct Embeddings
Beyond the question whether an embedding is possible or not, we are also interested in the number of different
embeddings, up to conjugation. We use the notation #(S ↪→ T ) to indicate the number of distinct copies of S
inside T .

We systematically explored the embeddings of three types of full diagram semigroups into their higher
degree counterparts. This question is about emulating something by a more capable computing structure of
the same type. There is always a trivial solution: just fix the added points. However, the other solutions are
not trivial. The higher degree diagram semigroup has to manage the extra states or points in a way that they
do not interfere with the computation in the smaller structure. The following tables are expected to be helpful
for mathematical reasoning to eventually produce closed formulas for the numbers of embeddings.

Symmetric groups are useful test cases for verification purposes since we have efficient group theoretical
algorithms for computing these embeddings (Table 2). Similarly, Table 3 summarizes distinct embeddings
for low degree transformation semigroups. Figure 9 indicates how these embeddings work.
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 cycle transposition collapser

𝑇
3

𝑇
4

𝑇
4

𝑇
4

𝑇
4

Figure 9: All 4 (up to conjugation) embeddings of T3 into T4 given by the mappings of the standard gener-
ators. The embeddings simply fix the additional point, or collapse it into another point. For higher degree
embeddings, avoiding the interference with the multiplication in T3 yields combinatorial structures of similar
fixing and collapsing.

The full transformation embeddings give interesting information for the enumeration of transformation
semigroup. There are 282 non-empty transformation semigroups on 3 points up to conjugation. For degree
4, this number is 132069775 [11]. How many isomorphic copies of the degree 3 transformation semigroups
can we find inside T4? Counting the embeddings up to conjugation, we find only 2347 subsemigroups of
T4 that are isomorphic to some subsemigroup of T3; so most degree 4 transformation semigroups are ‘new’.
Calculating the same number for T5 yields 18236; a modest increase compared to the still unknown, but
expected-to-be gigantic number of degree 5 transformation semigroups.

As a third type, we computed Brauer monoid embeddings, see Table 4. Although enumeration results
for Brauer semigroups are only preliminary [12], similar arguments seem to apply, most of the next degree
semigroups are not isomorphic to the smaller degree semigroups.

5.4 Embeddings into 2-generated Subsemigroups
Here, we will answer a couple of open questions stated in [13] using the embedding algorithm. There,

the primary interest is in the embeddability into a 2-generated semigroup, denoted by S
2-gen
↪−→ T . Being n-

generated means that the semigroup can be generated by n elements but no less. It is easy to prove that

Bn
2-gen
↪−→ Bn+2, but there is no 2-generated subsemigroup of Bn+1 where we can embed Bn. The same was

conjectured for the partition monoid, but contrary to the expectation we found that P2
2-gen
↪−→ P3, in 3 different

ways.
To obtain this result, we enumerated conjugacy class representatives of subsemigroups of the target semi-

group that are 2-generated, then filtered them for the property of being at least as big as the source semigroup.
Finally, we used our embedding search to check each of the candidate 2-generated subsemigroups.

6 Conclusion and Future Work
We carried out computational experiments to extend our knowledge about diagram semigroups, which are
different combinatorial representations of semigroups. For constructing embeddings and deciding isomor-
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#(Sm ↪→ Sn) n = 1 n = 2 n = 3 n = 4 n = 5 n = 6 n = 7 n = 8 n = 9 n = 10

m = 1 1 1 1 1 1 1 1 1 1 1
m = 2 1 1 2 2 3 3 4 4 5
m = 3 1 1 2 4 5 7 10 12
m = 4 1 1 4 5 10 13 22
m = 5 1 2 3 4 5 9
m = 6 1 1 2 2 4
m = 7 1 1 2 2
m = 8 1 1
m = 9 1

Table 2: Number of distinct embeddings of symmetric groups calculated with the generator ta-
ble method. These are used for verification purposes. Further values can be computed by the
Gap code Length(IsomorphicSubgroups(SymmetricGroup(n), SymmetricGroup(m)));, see se-
quences A378266, A378273, A378274 on OEIS [40].

#(Tm ↪→ Tn) n = 1 n = 2 n = 3 n = 4 n = 5 n = 6 n = 7 n = 8

m = 1 1 2 3 5 7 11 15 22
m = 2 1 3 12 35 110 309 879
m = 3 1 4 17 64 221 736
m = 4 1 2 6 16 48
m = 5 1 2 6 16
m = 6 1 2 6
m = 7 1 2
m = 8 1

Table 3: Number of distinct embeddings of full transformation semigroups. Embedding the trivial monoid is
equivalent to finding idempotent elements (e2 = e) up to conjugation in the target semigroup (see A000041
on OEIS [40]). An interesting pattern seems to emerge for #(Ti ↪→ Tn), when i ∈ {n − 3, n − 2, n − 1}.

phisms the partitioned backtrack algorithm reduces the search space by exploiting information about the
source and the target semigroups. Further algorithmic optimizations improved scalability, thus we could
solve open problems by computational means.

We can extend the optimizations by considering the order of the semigroup elements, borrowing ideas
from graph colouring. The so-called “Welsh-Powell” ordering of the nodes (from highest to lowest degree)
[42] uses the idea that the definitions made at the start of the sequence imply more restrictions on the later
values if they are more connected. The opposite example shows why this could be useful. If there is an
isolated vertex, and we define its φ value first, then this implies no restrictions at all on any subsequent
definitions.

Another future task is to do a comprehensive comparison of the now available different methods, espe-
cially the performance differences between the specialized and the general search methods.

Software Tools

The scripts required to reproduce these results are bundled with the software packages [10, 16]. The sub-
folder 2025 Computing Embeddings and Isomorphisms of Finite Semigroups containing the com-
putations for this paper can be found in the experiments folder of the package in both projects. These
software project did not use any generative AI tools at any stage of the development process.
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#(Bm ↪→ Bn) n = 1 n = 2 n = 3 n = 4 n = 5 n = 6 n = 7 n = 8

m = 1 1 2 3 5 7 11 15 22
m = 2 1 1 9 11 42 63
m = 3 1 2 13 36 145
m = 4 1 1 5 8
m = 5 1 1
m = 6 1
m = 7 1

Table 4: Brauer monoid embeddings. The number of idempotents up to conjugation is the same as in full
transformation semigroups as they are both parametrized by the integer partitions (A000041 on OEIS [40]).
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